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Abstract 

Let (i?, m) be a commutative Noetherian local ring, M be a finitely 
generated i?-module and a, I and J be ideals of R. We investigate 
the structure of formal local cohomology modules of j{M) and 
/ j(M) with respect to a pair of ideals, for all z > 0. The main sub¬ 
ject of the paper is to study the finiteness properties and Artinianness 
of j j{M) and j(M). We study the maximum and minimum in¬ 
teger z G N such that ^\^j{M) and ^\^j{M) are not Artinian. We 
obtain some results involving cossuport, coassociated and attached 
primes for formal local cohomology modules with respect to a pair of 
ideals. Also, we give an criterion involving the concepts of finiteness 
and vanishing of formal local cohomology modules and Cech-formal 
local cohomology modules with respect to a pair of ideals. 
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1 Introduction 


Throughout this paper R is a commutative Noetherian ring (non-zero 
identity), a, b, / and J are ideals of R, and M be a non-zero hnitely generated 
i?-module. For i G N, Hl{M) denote the zth local cohomology module of M 
with respect to a (see 0. ca. 03). This concept is an important tool 
in algebraic geometry and commutative algebra, and has been studied by 
several authors. 

When {R, m) is a local ring, Schenzel [29] dehned an object of study as 
follows. Let x = xi,...,Xrhea system of elements of R with b = Rad(,Ei?), 
and Cx denote the Cech complex of R with respect to x. The projective sys¬ 
tem of i?-modules induces a projective system of i?-complexes 

{Cx® M/a^M}. Consider the projective limit ]^(C'^0 M/a^M). 

For an integer i G Z, the cohomology module i/*(lim(C'a, 0 M/d^M)) 
is called the ith a-formal local cohomology with respect to b, denoted by 
In the case of b = m, we speak simply the ith. a-formal local 
cohomology. 

Now, consider the family of local cohomology modules {Hl{MjM)}n&- 
For every integer n, there is a natural homomorphism Hl{M/ad^^M) 
Hl{M/d^M) such that the family forms a projective system. Let the pro¬ 
jective limit, jj* f,(M) := ]^iL^(M/a”M). When b = m, Schenzel [29] has 
shown the following isomorphism showing the relation 

between formal local cohomology and projective limits of some local coho¬ 
mology modules. An approach, but not least, was studied by Peskine and 
Szpiro [23 Chapter III] and Fallings [T3] . 

Through the concept introduced in [31] of local cohomology defined by 
a pair of ideals, the authors [H] introduced the notion of formal local coho¬ 
mology dehned by a pair of ideals. More explicity, for an integer i G Z, the 
cohomology module iL*(^m((%^j 0 M/d^M)) called the ith. Cech a-formal 
cohomology with respect to (/, J), denoted by Jo / j(^)- After this, consid- 
erthe projective limit j(M/a"'M), denoted by 

Note that if J = 0 , Cx,j coincides with the ordinary Cech complex Cx 
with respect to x = Xi,...,Xs. Therefore Jo^/_o(^) — If = 0 

and / = m, we have — ^am(^)- The same conclusion we have for 

when J = 0. ’ ’ 

These new dehnitions are a natural generalization of a-formal local coho¬ 
mology with respect to b and a-formal local cohomology, both introduced by 
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Schenzel [22] and discussed by Mafi [22], Asgharzadeh and Divaaani-Aazar 

[2] , Gu [IS], Bijan-Zadeh and Rezaei [3], and Eghbali [II]. However the 
isomorphism between j{M) and j{M) does not happen always, dif¬ 
ferently as the ordinary formal local cohomology. 

About artinianness of the ordinary local cohomology, Huneke [I9] ask 
when Hj{M) is artinian for an integer i. In general this question is not true 
(see [23] and [IS]). In this way, some results have been achieved such as, (1) 
if dimM = d, Hf{M) is artinian for any hnitely generated i?-moduIe M; (2) 
the characterization of the least integer s such that Hf{M) is not artinian, 

(3) is always artinian when (R, m) is a local ring and M hnitely 
generated. For local cohomology dehned by a pair of ideals, Chu and Wang 
[3] generalized (1) and (2) and gave other results in this context. About 
the generalization of (3) in this sense, Tehranian and Talemi [52[ Theorem 
2.10] have shown that j{M) is not artinian for some i G No, when J is a 
non-nilpotent ideal of a local ring (R, m) and M a hnite i?-module. We cite 
[26] for more interesting results involving artinianness of local cohomology 
dehned by a pair of ideals. 

The artinianness of formal local cohomology modules has been studied by 
Gu [l6], Asgharzadeh-Divaani-Aazar [8], Mah [22], Bijan-Zadeh and Rezaei 
[5], and Eghbali [II]. In this context was shown that, among other results, 
(1) For an local ring (R, m) and M hnitely generated R-module of dimension 
d, is artinian; (2) is artinian for dX\ i < t if, and only if, 

a C Rad(0 : for all i < t] (3) If, for some integer t, is 

artinian for all i < t, then ^(M) is artinian; (4) some relations 

about inf{z | is not artinian} . The purpose of this paper is, using 

the concept of formal local cohomology with respect to a pair of ideals in¬ 
troduced in [2], generalize (1), (2), (3) and give some results involving the 
inf{z I j(Tf) is not artinian}. Moreover, we give a characterization of 
prime attached of the and some results involving the concept of 

cosupport and coassociated primes. 

The organization of the paper is as follows. In the next section, we will 
set the formal hlter depth and formal Cech-depth and study some elementary 
properties about this new concept. 

After discussing basic properties about this new concept, in the Section 
3 we discuss and give a clue about the non-artinianness for formal local 
cohomology modules with respect to a pair of ideals. 

In the Section 4, we investigate the question of artinianness of formal 
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local cohomology and Cech-formal local cohomology modules with respect 
to a pair of ideals. The main result of this section generalizes (1) previously 
cited. 

In Section 5, we study some results involving the concept of cosupport 
and coassociated primes. Also, we give a characterization of coassociated 
primes of top formal local cohomology modules with respect to a pair of 
ideals. 

In the last section, we obtain some results on hniteness of j(Af) and 
m ji^)- important criterion involving the concepts of hniteness 

and vanishing of formal local cohomology modules and Cech-formal local 
cohomology modules with respect to a pair of ideals. 

For the other sections, assume always that i? is a local ring with maximal 
ideal m, denoted by (i?, m). 

2 The Formal Filter Depth of Formal Local 
Cohomology Modules 

Let M be a hnitely generated i?-module. Remember that a sequence 
xi,... ,Xn of elements in R is said to be an M-Liter regular sequence if, for 
all p G Supp(M) \ m, the sequence xi/1,... ,Xn/'^ of elements of is an 
M- Liter regular sequence [9]. For an ideal I of R, the /-depth of / on M is 
deLned as the length of any maximal M-Llter regular sequence in /, denoted 
by /-depth(J, M). When a maximal M-Llter regular sequence in I does not 
exist, we understand that the length is cxo. 

Proposition 2.1. Let M he a finite R-module. Let t he a non-negative 
integer such that is Artinian for all i < t. Then 

Artinian for all K <Z J and all i < t. In particular 

inf{i I is not artinian} < / —depth (J, M). 

Proof. We will use induction on t. If t = 0, there is nothing to prove. Let 
t = 1. Since Fn^^^(M/a"^M) C T^y^ J{M/a'^M) [HU Proposition 1.4 (3)], we 
have lim Fm,^(Tf/a’^M) C limFm^j(M/a"^M) for all IF C J, the assertion 
holds. 

Suppose t > 1. Since Hl j{M/a^M) ^ H^ j for alH > 0 

[HTl Corollary 1.13 (4)], so we have 
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( M/a^M \ 


for all i > 0. Thus we may assume that T^ j{M/a^M) = 0. Let E be an 
injective hull of M := M/a^M for all n, and Nn = E/M. Then, follows that 
^ Hi j (iV„) and (M/o”M) (Nn) for all i > 0. 

So (^») ‘O'd SilAA^'O = (^») for “'I * £ O- 

Thus Nn satishes our induction hypothesis. Therefore, S^amK(^) Artinian 
for all iL C J and alH < f. If iL = 0, so the last statement follows by [2H 
Theorem 3.1]. □ 


The previous result motivates to consider the following dehnition. 


Definition 2.2. Let o an ideal of the ring {R, m). The least integer such that 
formal local cohomology and Cech-formal local cohomology are not artinian 
are called respectively by the formal filter depth and formal Cech- filter depth 
with respect to a pair of ideals (m, J). More specifically 


ff — depth(a, m, J, M) := inf{i | is not artinian}, 

ff — depth(a, m, J, M) := inf{i | is not artinian}. 

Analogously, we define the greatest integer such that de formal local cohomol¬ 
ogy and Cech-formal local cohomology are not artinian by 


gg —depth(a, m, J, M) := sup{i | is not artinian}, 

gg —depth(a, m, J, M) := sup{i | is not artinian}. 

This definitions are natural generalizations of formal filter depth given in 
m Definition 2.1] and [U Definition 2.11]. By [HI Proposition 2.4] is easy 
to see that 


ff — depth(a, m, J, M) < ff — depth(a, m, J, M), 

gg —depth(a, m, J, M) < gg —depth(a, m, J, M). 

The next result shows that the formal hlter depth is invariant by radicals. 

Proposition 2.3. Let a and b be two ideals of (i?, m) such that Rad{a) = 
Rad{b). Then we have fhaf ff — depth(a, m, J, M) = ff — depth(b, m, J, M). 
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Proof. By [TJl Theorem 6.7] we have that 


- HomR(i7„ D^j)), Er{K)) and 

Since the usnal local cohomology is invariant by radicals, we have the state¬ 
ment. □ 

Proposition 2.4. ff — depth(a, m, J, M) = ff — depth(ai?, mi?, Ji?, M). 

Proof. The statement follows because by [TTl 

Theorem 2.3]. □ 

The next result extends m Proposition 2.4] 

Proposition 2.5. Let a C b ie two ideals of {R,m). We have the following 
inequality 


ff — depth(a, m, J, M) < ff — depth(b, m, J, M) + ara(b/a). 

Proof. By Proposition 12.31 we may assume that exists xi,..., G R such 
that b = a -I- (xi,... ,x„). We proceed by induction on n. However, it is 
sufficient to show only the case n = 1. By [TU Theorem 6.11], there is the 
long exact sequence 

• • ■ ^ ^ j(M) ^ ^ . (2.1) 

For all i < ff — depth(a, m, J, M) — 1, and are artinian 

by Dehnition 12.21 Then, Hom/j(i?a, j, j(M)) is artinian by the exact 
sequence 12.11 and therefore ff — depth(a, m, J, M) < ff— depth(b, m, J, M) -|- 
1 . □ 

Our next result shows the relation between f —depthM and the greatest 
integer such that the formal local cohomology dehned by a pair of ideals is 
non-zero. This result improves m Proposition 2.7 (1)]. 

Proposition 2.6. Let a, J he two ideals of {R, m), and let f —depthM < oo. 
Then 


ff — depth(a, m, J, M) < min{f — depth(/, M), dimM/ (o -|- J)M}. 
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Proof. Firstly note that 


ff — depth(a, m, J, M) < sup{i | is not artinian} 

< sup{i I j(M) 7^ 0} = diniM/(a + J)M. 

The last equality follows by [TTl Theorem 4.2], Now, by Proposition 12.11 
we have that ff — depth(a, m, J, M) < inf{i | is not artinian}. 

□ 


3 Non-Artinian of 

A natural question that arises when one is dealing on artinia n n ess of 
formal local cohomology is to know if, for an finite i?-module, the formal 
local cohomology is not Artinian for some integer i. The objective of this 
section is give some answer about this question. 

For this purpose, we give an important and essential construction for 
our next result. In [311 Theorem 5.1], Takahashi and etal showed a gener¬ 
alization of the local duality theorem. More explicit, let (i?, in) be a Cohen 
Macaulay complete local ring of dimension d and J be a perfect ideal of R, 
i.e, grade( J, R) = pd^i?/ J = t. Then, if M is a hnitely generated i?-module, 
then there is the isomorphism 

for all integer i and S = H^j{Ry. 

With this, in the context of formal local cohomology dehned by a pair of 
ideals we have that 

= Romnih^Exti-^-^M/a^M, S),En{K)). 

Note that, for all i G Z, lin^ Extp~*~^(M/a”^M, S) is exactly the generalized 
local cohomology with respect to a (denoted by S')), introduced 

by Herzog im. Therefore 

where (—)''^ = Hom^(—, ^^^(IK)), i G Z. This shows the relation between the 
formal local cohomology dehned by a pair of ideals and the Maths’ dual of 
certain generalized local cohomology with respect to a. Now we are able to 
show the next result, that generalizes [T6l Theorem 2.16]. 
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Theorem 3.1. Let a, b and J he ideals of (-R, m) such that o C b, and J a 
perfect ideal of R of grade t. If M is a finitely generated R module of dimen¬ 
sion d, then there is a surjective homomorphism A^)- 

particular ® guocient ofHAjj{M). 


Proof. Firstly, let R = R/AnnjiM. 
K,.AM) = Kr..r.jrAA and 


By [m Theorem 2.3], we have that 
(M) = Thus, we can 


assume that Ann^jM = 0 and then dimi? = d. Now, since — 

3 jA^) 0 Theorem 2.3] we can consider that R is complete. 

By Cohen’s Structure Theorem, there exists a complete regular local ring 
(T, n) such that i? = T/J for some ideal / of T. Set Oi = aflJ and bi = bflJ. 
By [HI Theorem 2.3] we have that - Ki,m,A^) and dl,m,A^) - 

m j(^) for all i > 0. Since dim/jM = dim^M, we may assume that 
R = T. Using the previous comment we have that 


= HomT«(M, S), BT(r/n)) and 

ttAM) ^ trAAM) = Homr«(M,S),i5r(r/n)), 

This hnishes the proof because S) is a submodule of S). 

□ 


Remark 3.2. By previous result follows that^AfAA^) Artinian if HAjj{M) 
is Artinian. The proof of the J371 Theorem 5.1] showed that = 0 

for all i ^ d — t. Moreover, if J is non-nilpotent ideal of R, HA~j{M) is not 
Artinian Theorem 2.10]. Therefore, if J is non-nilpotent ideal and with 
the same hypotheses of Theorem 2.6, A^) Artinian if the kernel 

of the surjective map above is artinian. 

Remark 3.3. With the same hypotheses of Theorem 2.9, (a)], is possible 
to show other version of Local Duality theorem generalized. By previous 
comment the Theorem 2.6, more explicit, if {R, m) be a local ring, M be a 
finite Cohen-Macaulay R-module such that dimM = dimR = d and J be an 
ideal generated by a regular seguence xi,... ,Xt in R we have that 

where {—A = Homij(—, i?/j(]K)), i G Z. Therefore we have other version of 
the Theorem 2.6 for R, i.e, there is a surjective homomorphism ^AmA^) 

possible to obtain the same of previous remark. 


4 Artinianness of Formal Local Cohomology 
Modules 

One of the important problems in local cohomology is to investigate 
artinianness properties. The main pnrpose of this section is give some results 
about the artinianness of formal local cohomology and Cech-formal local 
cohomology modules with respect to a pair of ideals. 

Let t be an integer. It is well known that the local cohomology module 
Hj{M) is hnitely generated for alH < f if, and only if, there is some integer 
r > 0 such that FH]{M) = 0 for all i < t. Similar results were obtained 
by Yan Gu [IB], Bijan-Zadeh and Rezaei [3], and Mah [2T] in the context of 
ordinary formal local cohomology. More specihcally, ^\{M) is Artinian for 
all i < t (respectively for i > t) if and only if there is some integer r > 0 
such that = 0 for all i < t (respectively for i > t). The following 

theorem extends this previous result commented. 

Theorem 4.1. Let a, J ideals of{R,m) and M a finitely generated R-module. 
Let t be a non-negative integer. If TfiM) is an J-torsion R-module the 
following statements are eguivalent: 

(a) Artinian for all i > t; 

(b) a C Rad(0 : ^a,m,j(-^)) i > t. 

Proof, (a) (6) Let i > t. Since Artinian and R local ring, we 

have that j{M) = 0 for some positive integer j. Then a C Rad(0 : 

^a,m,j(^)) for ali i > t. 

(6) (a) We prove it by induction on dimM = d. If d = 0, we have 

= 0 for alH > 0 [m Proposition 4.1]. Therefore 
the result is clearly true. Next, we assume that d > 0 and that the claim is 
true for all values less than d. Firstly, since TfiM) is a-torsion and J-torsion 
we have that j(ra(M)) = H^fTfiM)). Then from the exact sequence 

0 ^ Ta{M) ^ M ^ M/VfiM) 0, 

we have by m Theorem 3.4] the long exact sequence 

.., ^ H-JUMY) ^ ^ r„,AM/rAMY ^ H'AArAM)) ^. (#). 
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So, if is artinian for all i > f, then we have the statement. 

From (jj), we can see that a C Rad(0 : ^^^^^ j(M/ra(M))) for all i > t. 
Then, we can assume that TaiM) = 0. Let a: G a an M-regular element. By 
hypothesis, for all i > t, there is ji a positive integer such that = 

0. The exact sequence 


0 ^ M ^ M ^ M/x^^M 0 


induces the exact sequence 




for all i > t. This sequence provides that a C Rad(0 : /x^^M)), and 

^ j{M/x^^M)) is artinian for alH > f by inductive hypothesis. Therefore 
is artinian for all i > t. □ 

Corollary 4.2. Let a, J he two ideals of {R, m). Let M he a finitely generated 
R-module and t he a non-negative integer. If TfiM) is an J-torsion R- 
module, then 


—depth(a, m, J, M) = sup{i : a ^ Rad(0 : 

Remark 4.3. 1) With previous result and [HI Proposition 2.4] is possible 

to show that: If a C Rad(0 : da,m,ji^)) i > t, then is 

artinian for alH > f. 

On the other hand, for formal local cohomology the state¬ 

ment (a) ^ ip) is true too. 

Note that, for all the cases in [H Corollary 3.5] the equivalence between 
(a) and (b) happen for 

2) Using the same idea of the previous Theorem, is possible to show that 
5a,m.j(^) is Artinian for alH < f if, and only if, a C Rad(0 : 5a,m,j(^)) 
for all i <t. 


Corollary 4.4. Let a, J he two ideals of {R, m). Let M he a finitely generated 
R-module and t he a non-negative integer. If TfiM) is an .1-torsion R- 
module, then 

ff —depth(a, m, J, M) = inf{i : a ^ Rad(0 : ■ 
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In the following we give an interesting result that improves HB Propo¬ 
sition 2.1], [31 Theorem 3.1] and [HI Theorem 2.1, Theorem 2.2]. Before 
that, remember that a prime ideal p of i? is an atteched prime ideal of M 
if, for every hnitely genereated ideal / C p, there exists x E M such that 
I C (0 :r x ) C p. Denote by Attj?(M) the set of attached prime ideals of 
i?-module M. 

Theorem 4.5. Assume a be an ideal of{R,m). Let M be a finitely generated 
R-module with dimM = d. Then j{M) is Artinian for all ideals /, J of 
R. Furthermore 

AttH(5l/,j(M)) = {p G Supp^M n V{J) I cd(J, R/p) = d}n V{a), 

where cd(/, i?/p) is the cohomological dimension of the R-module R/p with 
respect to I. 

In particular AttR{^fjj{M)) C AttRi^ffM)). 

Proof Let R = R/ AhurM. Since Hf^j{M) = P Lemma 2.1], 

we can consider that AnnM = 0 and so d = dimR. Since H} j{R) = 0 for all 
i > d [m Theorem 4.7], and by [3T1 Lemma 4.8] follows that 

Hf j{M/a^M) ^ HIj{R) M/a”M ^ ®r R/a^ 

- Hlj{M)/a-Hlj{M). 

By [H Theorem 2.1], Hf j{M) is Artinian R-module. Then, there exist an 
integer uq such that for all integer t > uq; we have a^Hf j{M) = a^°Hf j{M). 
Therefore, since 

Sijj(M) = 

follows that is an Artinian R-module. For the second claim use [231 Propo¬ 
sition 5.2], P Theorem 2.1] and the previous isomorphism. 

□ 

Theorem 4.6. Assume that a and J are ideals o/(R, m). Let M be a finitely 
generated R-module with dimM = d. Then 

^ttR{di,n,j{M)) = {p e Supp^M n V{J) I dimR/p = d} n V{a). 

Proof. The proof follows by P Theorem 2.2] and Theorem 14.51 

□ 


11 




Now an immediate consequence of the Theorem 14.51 


Corollary 4.7. Let a, I, J be ideals of {R,m). Let M and N he two finitely 
generated R-modules of dimension d such that Supp^M = SuppjijA^. Then 

In some results, we will use the following elementary lemma. 

Lemma 4.8. Let R he a commutative ring, and let M and N he R-modules. 
Then AnnR(M) U Annji{N) C Ann/jExt^(M, N) for all i. 

Proof. Let x G Annn^M) U AnriR^N), and let : N ^ N dehned by 
n xn. This map induced a map 

Ex4(M,y^) : Ext*^(M, iV) ^ Ext*^(M, iV) 

is given by multiplication by x. Assume now that x G AmiR^N). Then the 
map Xx is the zero map, so implies that the induced map Ext^(M, y;^) is 
the zero-map. In other words, multiplication by x on Ext^(M, N) is zero, as 
desired. The case where x G Ann/j(M) is handled similarly, using the map 

xf. □ 

For the next result, remember that a non-zero i?-module S is called sec¬ 
ondary when S' 7 ^ 0, and for each r ^ R, either rS = S or there exist n G N 
such that r^'S = 0. A secondary representation for an /2-module M is an 
expression for M as a hnite sum of secondary submodules of M. If such a 
representation exists, we say that M is representable. If M admits a mini¬ 
mal secondary representation M = Si -|- ... -f S„, then the set Attij(M) of 
attached primes of M is the set {Rad(0 '.r Sf) : z = 1, ..., n } O Dehnition 
7.2.2]. The next result generalizes [51 Theorem 2.3]. 

Theorem 4.9. Let a,/, J he ideals of {R,m). Let M he a finitely generated 
R-module. If^S^ij^M) is non-zero and representable for an integer i, then 
acp for all p G AttR{^fjj{M)). 

Proof. Let j{M) = Si S„ be a minimal secondary representation 

of J j{M), where Sk is p^-secondary for A; = 1, ..., n. Suppose by contra¬ 
diction that a pk for an integer k G {1,..., n}. Then, there is an element 
X G a \ pj. We may assume an element 0 y = {yfi E Sk <Z j j{M) with 
yj G Sk be the hrst non-zero component of y. 
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Note that xSk = Sk because x ^ p. Since x^ we obtain 
that Sk C x^^I j j{M). Furthermore x^H} j{M/a^M) = 0 by Lemma HTSl 
then we can conclude that the j-th component of each element of x^'S^ j j{M). 
Therefore, we have the contradiction because y G x^^\j j{M) and yj G Sk is 
non-zero. 

□ 

An immediate consequence of the previous results is to show that the 
formal local cohomology modules with respect to a pair of ideals, when are 
representable, are a-torsion modules. 

Corollary 4.10. With the same hypothesis of the previous theorem, if^l j j{M) 
is non-zero and representable, for an integer i, then a C Rad(0 : 

Proof Since Rad(0 : = npgAttfl( 5 *, j(m))P by the same idea of 

[SI Proposition 7.2.11] and by previous theorem a C npgAtt^j(5A 
statement is true. 

□ 

Remark 4.11. By previous corollary we can conclude that, if^ljj{M)) is 
Artinian for all i > t (respectively i < t), then a C Rad(0 : j{M)) for 

all i > t (respectively i < t), since any Artinian R-module is representable. 
Therefore we have that 

sup{i : a ^ Rad(0 : — gg~clepth(a, m, J, M) < dimM/(J-|- a)M 

and 


0 < ff —depth(a, m, J, M) < inf{i : a ^ Rad(0 : 

Remember that in this case we are not assuming that TaiM) is an J-torsion 
R-module. The reader can compare this remark with Remark lA.'Si 

In the following we give one of our main results. This result is a generalization 
of [ 2 ^ Theorem 2.9] and [21 Threom 2.4]. 

Theorem 4.12. Let a, J be two ideals of {R, m). Let M be a finitely generated 
R-module such that TfiM) is a J-torsion. If for some integer t, 
is Artinian for all i > t, then ^ j{M)/ ^ j{M) is Artinian. 
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Proof. We will prove by induction on dimM := n. When n = 0, we 
have [El Proposition 4.1], Then by Theorem 14.51 

Artinian and the result is clear. Now, we assume n > 0 and 
that the claim is true for all values less than n. From the exact sequence 


0 ^ r„(M) ^ M ^ M/T^{M) 0, 

and m Theorem 3.4] we have the long exact sequence 

Since TaiM) is a-torsion, it follows that 

K...AUM)) = 0 r.(A/)/a“r.(Af)) = HAAUM)). 


By hypothesis, we have that j(r„(M)) = H^{Ta{M)) is Artinian for all 
i. So, ^l^^ j{M/Ta{M)) is Artinian for all i > t. 

Now, we can consider the exact sequence 


HATAM)) ^ il„,AM) 4 i<„AM/TAM)) ^ HAATAM)) ( 4 . 1 ) 

and split to the exact sequences 

0 —)■ Kenp dim j(Af) —^ Imgip —)■ 0 and 

(4.2) 

0 ^ Imgip -» 5;,„,j(A//r„(M)) -> ImgA -» 0. 

From these sequences, we deduce the following exact sequences 

Ker(p ^ di,m,jW > ^ 

— tA -—^ ^^ — T - (f) cind 

aKer(p adi^^j{M) almgip 


Torf (i?/a, —)■ 


Imgip di,^,j{M/r a{M)) 




almgip adi^^j{M/T,{M)) 


( 2 ) 


Since Kerip and Imgijj are Artinian, By the exact sequences (1) and (2), 


we obtain that if 


(M/r„(M)) 


we may assume that Fn(M) = 0 


is Artinian, then is Artinian. So, 
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Let a: G a \ UpgAss^Mp- It is known that dimM/xM = n — 1. Then, the 
short exact sequence 

0 ^ M ^ M ^ M/xM 0 

induces the following long exact sequence of formal local cohomology with 
respect (m, J). 


Since is Artinian for all i > t, we have that j{M/xM) 

is Artinian for all i > t. Then by induction hypothesis, it follows that 
jiM/xM)/j{M/xM) is Artinian. By the previous long exact se¬ 
quence, we can consider the following short exact sequences 


0 —)■ Ima ^^ j^ j{M/xM) Im/3 0 

dUAM) 4 dUAM) ^Ima^O 

that induces the following two exact sequences 

Imga j(M/a;M) 


and 


Tory(i?/a, —)■ 


almga 


-)■ 




By choise of x, by (2) follows that 




Ima 


alma 


0 . 


(3) and 


(4) 


t 

a,m,J 


(M) 


Ima 

alma 


. Therefore, since Im/3 is 


Artinian, Tory (i?/a,/mg'/d) is Artinian. By the exact sequence (3) the proof 
is completed. □ 


Corollary 4.13. With the same hypotheses of the previous result, if t = 
gg — depth(a, m, J,M), then j(M)/a5n,,^,j(Tf) is Artinian. 

Corollary 4.14. Consider a and J ideals of (/?, m). Let M be a finitely 
generated R-module such that Ta{M) is a J-torsion. 


(1) With the same idea of the proof of Theorem 14.121 is possible to show 
that Artinian for all i < t, then ^a,m,A^)/ 

Artinian for some t integer. 


(2) If t = ff — depth(a, m, J, M), then Artinian 

by previous item. 
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5 Coassociated and Cosupport Results 

The concept of support and associated primes ideals of local cohomology 
were studied in great details. With respect to theory dual of this concept, 
not so much is known for formal local cohomology modules. The objective of 
this section is to investigate and give some results about the cosupport and 
coassociated primes for formal local cohomology modules with respect to a 
pair of ideals. Firstly an technical result that improves [22l Proposition 2.1]. 


Proposition 5.1. Let M be an finitely generated R-module. Then for all 
i e Z 

= 0 - 

Proof. Note that a^imW C l^m aNt if {W} is a inverse system. Therefore 

t t 

t n 

C l^nl^n A HA j{M/a^M) 

t n 

n t 

Since HAj{M/a^M) = li^ Hl{M/a^M) [Si], Theorem 3.2] follows 


that 


* aew{m,j) 

C Imlm JA a^Hi{M/a^M). 

^ * aeW{m,J) 

Thus, as for all f > n a^Hl{M/a^M) = 0 by Lemma ITS) the proof is 
completed. □ 

Lemma 5.2. Let a and J he two ideals of (i?, m), M an R-module, not 
necessarily finitely generated, and S be a multiplicative set of R such that 
5 n a ^ 0. Then }lomji{S~^R, = 0 integer i. 

Proof. Let si an element of S' fl a 7 ^ 0. If / G HomH(S“^i?, j(M)) then 
f{r/s) = s{f{r/s{s) G for all r/s G S~^R and j > 0. Then 
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f{r/s) e j(M)) = 0 by Proposition 15.11 Therefore / = 0 and this 

proof the statement. 

□ 

The previous lemma generalizes m Lemma 2.2] and will be useful to 
characterize the cosupport and coassociated primes of certain formal local 
cohomologies. In |25], Melkerson and Schenzel dehned the concept the co¬ 
support for an i?-module M give by 

CoSupp(M) = {p G Speci? ; HomH(i?p,M) ^ 0}. 

Our next result improves [22[ Corollary 2.3] and |TT1 Corollary 3.5]. 

Proposition 5.3. Let a and J he two ideals of {R,m). Let M he a finitely 
generated R-module . Then CoSupp^^'nn^ j(M)) C P(a) for all integer i. 

Proof. Let p G CoSupp(5^*„ Then Hom/j(/?p, j(M)) ^ 0 and so, 

by Lemma [5.21 follow that a 0 (i?/p) = 0. Therefore a C p and so the claim 
is proved. 

□ 

A prime ideal p G i? is called to be a coassociated prime ideal of an R- 
module M if there exist a cocyclic homomorphic image L of M such that 
p = Ann(L). The set of all coassociated prime ideals of M is denoted by 
CoasSij(M) (see [33]). In other words, when we consider an local ring {R, m), 
CoasSij(M) = Ass(M'^) where M'^ = Hom(M, T^(i?/m)). Furthermore, if a 
be an ideal of i?, the following statement is true: 

(i) Coassij(M/aM) = CoassR(M) nl/(a) [33l Theorem 1.21]; 

(ii) If M is Artinian then Coassi?(M) is hnite [33l Lemma 1.22]; 

(hi) CoassijM C CoSuppj:j(M) [SS] Therem 2.2]. 

Theorem 5.4. Assume a he an ideal of {R,m). Let M he a finitely generated 
R-module with dimM = d. Then 

Coassn{dii,j{M)) = {P e Supp^M n V{J) \ cd(/, R/p) = d} n P(a), 

where cd(/, i?/p) is the cohomological dimension of the R-module R/p with 
respect to I. In particular, 

CoasSij(5^^ „^ j(M)) = {p G Supp^M fl V"(J) | dimi?/p = d} fl V{a). 
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Proof. The statement follow immediately by Theorem 14.51 Theorem 14.61 and 
[551 Theorem 1.14]. □ 


Analogously to Corollary 14.71 by previous theorem we have the following 
result. 

Corollary 5.5. Consider a, I and J he ideals of{R,m). Let M and N are two 
finitely generated R-modules of dimension d such that Supp^M = Supp^A^. 
Then CoassR^J^j j(M)) = CoassR^J^^ j(iV)). 

The next result generalizes [2l Corollary 2.5]. 

Proposition 5.6. Let a and J he two ideals of {R,xn) . Let M he a finitely 
generated R-module such that Ta{M) is J-torsion. If, for some integer t, 
is Artinian for alli > t (respectively i <t), then Coassi^^am 
V(a) is finite. 

Proof. By Theorem 14.121 and previous comment (i) and (ii) the result follows. 

□ 

Remark 5.7. Ift = gg — depth(a, m, J, M) (resp. t = ff — depth(a, m, J, M)), 
hy Corollaru \4:.l‘i\ (resp. Corollaru \4:.lA\) follows that CoassR^l nV {a) 

is finite. 

Note that, with the same hypothesis of Proposition 15.61 by [TU Proposi¬ 
tion 2.4] and |55l 1.10], we have that Coass/jlJ* j(M)nP(a) is hnite. There¬ 
fore, by previous comment (iii) and Proposition l5.3l we have that CoasSi^S^* j{AI) 
is hnite. 

When M is J-torsion i?-module, we have the similar result for formal 
local cohomology modules with respect to a pair of ideals. 

Corollary 5.8. Let a and J he two ideals of (i?,m). Let M he a finitely 
generated R-module .L-torsion. If t = sup{ara(a) ; a G iy(rri, J)}, then 
jiM) ®R/a is Artinian and CoassR'^l „^ j{M) is finite. 

Proof. Since M is J-torsion we have that TfiM) is J-torsion, so we have 

O Corollary 2.6]. Furthermore, by [511 Theorem 

3.2],' 

= hKmicTm). 

^ 'aeW{m,J) 

The statement follows by O Corollary 3.3.3], Theorem 14.121 Proposition 
15.61 and previous comment. 

□ 
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Corollary 5.9. Let a and J he two ideals of {R, m). Let M be a finitely gener¬ 
ated R-module J-torsion. Then^^^ j{M)®R/a is Artinian and Coass^ j{M) 
is finite, where d = dimM/ (a + J)M. 

Proof. By the same idea of the previous result, we have that — 

[El Corollary 2.6]. The result follows from Proposition 15.61 Propo¬ 
sition [5i3] and the fact that = 0 for all d < j [El Theorem 4.2]. 

□ 

Lemma 5.10. Let a, / and .J he ideals of{R, m). Let M be a finitely generated 
R-module. Then 

KiAM) = KiAR) V 

where n := dimi?/a -I- J. 

Proof. By m Theorem 4.2], dai ji~) is a right exact functor and by deh- 
nition of inverse limit, j(—) preserves hnite direct sum. The statement 
follows by Watt’s Theorem [281 Theorem 5.45]. 

□ 

By this result, for hnitely generated i?-modules M, we can see that 
= 0 if and only if dli,.jiR) = 0. 

The [El Lemma 4.2] showed that if i? a local ring and M be an R- 
module, the set of minimal primes of CoSupp^(M) is hnite if, and only if, 
CoSupp^(M) is a closed subset of Speci?. So, by [33l Theorem 2.6] we can 
conclude that CoSupp j j{M)) is closed if and only if CoassR^^^ j j{M)) 
is hnite, for some integer i. By Theorem l4.5l we have that CoSupp^(5^„ ^ j(^)) 
is closed, where dimM = d. 

Remark 5.11. Let (R, m) be a Cohen Macaulay complete ring of dimension 
d and J be a perfect ideal of R, i.e, grade(J, i?) = pd^i?/J = t. Then, if 
M is a finitely generated R-module, by construction in Section^ we have the 
isomorphism 

where = Romni-, Er{K)), S = H^JiR^, i G Z. 

Therefore, by Corollary 1.18] (respectively El Corollary 2.9]) we obtain 
that, if S) is a finite module, then 

CoSupp^(^; ,„ j(M)) = Supp^(if„^“^“*(M, S)) and 

CoassRfiS'.^^^AM)) = Assr{H]-^-\M,S)). 
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Our next result generalizes HD Proposition 4.4], 

Proposition 5.12. Let (-R, tn) be a Cohen Macaulay complete ring of dimen¬ 
sion d and J be a perfect ideal of R, i.e, grade( J,-R) = = t. If M is 

a finitely generated R-module, then 

Coassnidlm,AM)) = ^^Wr{M) n Assr{H^-^-^{S)) 

where n := dimi?/a + J. 

Proof. By Lemma 15.101 [33l Theorem 1.21] and previous comment follow 
that 

Coass = Coass r{^I^^j{R)®rM) 

= Supp^(M) n CoassH(l?”^,j(i?)) 

= Supp^(M)nAssH(Ll„^-*-"(5)). 

□ 

6 Finitenness of and 

In this section, we investigate the hniteness of Cech formal local cohomol¬ 
ogy and formal local cohomology modules with respect to a pair of ideals. 
We give an important criterion for hniteness, and we show an especihc case 
of non-hniteness for Cech formal local cohomology and formal local cohomol¬ 
ogy modules with respect to a pair of ideals. The next result extends [I6l 
Theorem 2.8]. 

Theorem 6.1. Let a, J be two ideals of {R,m). Let M be a finitely generated 
R-module and t > 1 be an integer. The following statements are eguivalent: 

(A ^l,m,.jiM) = 0 for all i > t; 

(2) dam jiM) finitely generated for all i > t; 

(3) = 0 for alli>t,pe SuppM; 

(4) dam ji^i/p) finitely generated for all i >t, p E SuppM. 
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Proof. (1) ^ (2) is clear. 

(2) ^ (1) Consider d = dimM > dim(M/aM) and we argue by induction 
on d. If d = 0, we have that 5a,m,j(^) — = 0 alH > 1 [HI 

Proposition 4.1], So, suppose that d > 0 and the result has been proved for 
smaller values of d. Firstly, we assume depthM > 0. Thus, there exists an 
M-regular element x in m. The short exact sequence 

0 ^ M ^ M ^ M/xM 0 


induces the next long exact sequence of formal local cohomology 

By the inductive hypothesis, we have j{M / xM) = 0 for alH > f 

e then ^11 i > t. Since is finitely 

generated for all i >t, we have = 0 for all i>t. 

Now, assume depthM = 0 and consider N = Note that 

5;,„,,(iV) = d’Uj(N) = limi?“,yjV/a”]V) = JV, 


and j{N) = 0 for alH > 1 because N is too (m, J) torsion and Artinian 
i?-module. From the short exact sequence 0 ^ N —)-M M/N —)-0we 
obtain that for alH > 1. By this, we may assume 

that M is m-torsion free and the statement follows by the hrst argument. 

(1) ^ (3) By [HI Proposition 2.4 and Theorem 4.2] we have that 

dimHM/(a+J)M = sup{* G Z | ^ 0} < sup{* G Z | ^ 0}- 

Since dim-^^^pj^^^ < dim for all p G SuppM, we can conclude that 

sup{i G Z I ^ 0} < sup{z G Z I dim,.AM) A 0}. Therefore, 

5a,m,j(-R/p) = 0 all i > t. 

(3) (1) Consider a prime filtration 0 = Mq C Mi C ... C Mg = M 

of submodules de M such that Mj/Mj_i = R/pj where pj G SuppM and 
1 < j < s. By induction on j, and the exact sequence 

follows that dim,AM) = 0 for all i>t. 

(3) (4) It is analogous the previous proof of (1) (2) and this hnishes 

the result. 

□ 
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An immediate consequence of the previous result is the next corollary. 

Corollary 6.2. Let dim/j M/ (a+ J)M = d > 0 with J ^ R. Then 5a,m,j(^) 
is not finitely generated. 

Proof. If j{M) is hnitely generated, then j{M) is hnitely generated 
for all i > d. Therefore, by previous theorem = 0 for all i > d. 

Remember that d = sup{i G Z | 7^ 0} ^ sup{i G Z | 7^ 

0}. Since = 0) t)y [IH Proposition 2.4] we have that = 0 

and this is a contradiction. 

□ 

With respect the relation of hniteness of the formal local cohomology with 
respect to a pair of ideals, we give the following result. 

Corollary 6.3. Let a, J he two ideals of {R, m). Let M be a finitely generated 
R-module and t >1 be an integer. The following statements are eguivalent: 

(V = 0 for all i > t; 

(2) finitely generated for all i > t; 

(3) = 0 for alli>t,pe SuppM; 

(4) 'Sam ji^i/p) is finitely generated for all i >t, p E SuppM. 

Furthermore, i/dimR M/(a+ J)M = d > 0 with J R, then is 

not finitely generated. 

Proof. This result follows by Theorem 16.11 and the exact sequence in [TTl 
Proposition 2.4]. The second statement follows by the same idea of previous 
corollary. □ 

Theorem 6.4. Let a and J he two ideals of {R,m.). Let M be a finitely gen¬ 
erated R-module such that ro(M) is J-torsion. Then Hom(i?/m, Jam j(^)) 
is finitely generated, where f = ff — depth(a, m, J, M). 

Proof. Use induction on t. When f = 0, since Ja,m.j(^) — S^aRmii 

dim(M/ aM) = dim(M/ai?M), we may assume that M is complete in m-adic 
topology. So, M is also complete in a-adic topology. Hence J°^j(M) = 
dd°(lim(C'^_j (g) M/aPM)) C lim(M/a"'M) = M. This implies that j(M) 
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is finitely generated as an i?-niodule, then Honi(i?/m, j(^)) finitely 
generated as a -R-module. Moreover Hom(i?/m, j(M)) is a i?/m-vector 
space of finite dimension. 

On the other hand, since j(^) has a structure as an i?-module, we have 
the following isomorphism: 

Thus, j(M)) is finitely generated. 

Next, we suppose that t > 0 and that the claim has been proved for 
smaller values of t. From the exact sequence 


0 ^ r„(M) ^ M ^ M/r„(M) ^ 0 , 

by m Theorem 3.4] we have the long exact sequence 

■ ■ • ^ 5;,„,a(r,(M)) ^ r„JM) ^ 5;,,„,a(M/r,(M)) ^ 5«,(r„(M)) ^ 

Also, by assumption we have 


K,„j(r,(Af)) = ^■(1121(4,a 0 r.(Af)/a”r.(Af)) 

= »;,a(r.(M)) 

= ff^(r,(Af)), 

it follows that for some integer s, damji^) Artinian for alH < s if, and 
only if, K,„,j(Af/r.(A/)), 

From the exact sequences fl4.ip and fl4.2p . we have the following exact se¬ 
quence 

Homij(i?/rri, Kera) —Homij(i?/m, ^ Hom/j(i?/m, Ima) 

^ ExtJj(i?/m, Kera) ^ , 


-> HomR(i?/m, Im/3) -)■ HomR(i?/m, j(M/F„(M))) HomR(i?/m, Im/3). 

Note that Kera and Im/? are Artinian, then the above sequences yiels that 
Hom^j(i?/m, j(M)) is finitely generated if and only if 
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j(M/rn(M))). Therefore, we may assume that r„(M) = 0. 
There exist an M-regular element x G a. 

By [H Theorem 3.4], the short exact sequence 

0 -)■ M 4 M -)■ M/xM 0 

induces the long exact sequence 04.31) . It yields that j{M/xM) is Ar- 
tinian for i < t—1. So by the inductive hypothesis, Hom/j(i?/m, j{M/xM)) 

is hnitely generated. On the other hand, the exact sequence 


0 ^ 




^ iit/M/xM) ^ (0 


a,m, J 


(M) 


X 


-A 0 


induces the exact sequence 


Homs(-R/m, (0 :« 

a,m, J '■ 

^ Extl ' " 


x)) 








a,m, J 

— r~ 

a,m, J 


(M) 


Since Artinian, ExtJj (R/m, | is hnitely generated by 

[3 Lemma 2.2]. 

Then we obtain that Hom/{(i?/m, (0 ijt x)) is hnitely generated. Since 

X G m, we have 


HomB(i?/m, (0 4) 


= Homi?(i?/m 0 R/xR, 

= ^omR{R/m,dlm,ji^)) 


therefore Homj:j(i?/m, Jam j(^)) hnitely generated. 


□ 
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